In this paper, we investigate the stability for the nonlinear Hartree equation with time-dependent coefficients
Introduction
Motivated by the nonlinearity management and dispersion management [, ] in the experimental work in Bose-Einstein condensates and optics, nonlinear Schrödinger equations have attracted more and more attention in both the physics and the mathematics fields; see [-] and the references therein.
In this paper, we consider the stability for the following nonlinear Schrödinger equation of Hartree type under the perturbation of coefficients:
where u(t, x) is a complex-valued function in (t, x) ∈ [, ∞) × R  , u  ∈ H  (R  ), α(t) and β(t) are two real-valued functions in t ∈ [, ∞). Equation (.) arises as phenomenological models in many different contexts: HartreeFock theory, quantum field theory, etc. In particular, when W = |x| -γ with  < γ < N , this equation describes the mean-field limit of many-body quantum systems and has been extensively studied in [, -]. An essential feature of the Hartree equations is that the convolution kernel |x| -γ still retains the fine structure of microscopic two-body interactions of the quantum system. Therefore, it is interesting to extend mathematical meth- 
with initial data
Then there exists a subsequence, still denoted by u j , such that
where u a weakly continuous solution of (.) with α(t) ≡ , β(t) ≡  and the initial data u(). Moreover, the energy and mass inequalities
follow for this weak solution u, where
In this paper, we will extend and improve this result in several aspects: . Our results hold for more general Hartree nonlinearities (W * |u|  )u, where
. We extend this result to the time-dependent coefficients α(t) and β(t). . We prove the locally Lipschitz continuity of the solution u(α, β) with respect to the coefficients α and β. . We prove that u j strongly converge to u in L γ ((, T), W ,ρ ) as j → ∞, for every admissible pair (γ , ρ) and all  < T < T * .
More precisely, we will prove the following results. 
(ii) For every admissible pair (γ , ρ) and
for every admissible pair (γ , ρ)
Remark For physical reasons, in this paper, we only study the three-dimensional case. In fact, we can investigate more general unbounded potentials in R N . Our results also follow if the potential V : R N → R is a real-valued function, satisfying:
A typical example satisfying these assumptions on V is
This paper is organized as follows: in Section , we will collect some preliminaries such as local well-posedness, global existence and a Gronwall-type estimate. In Section , we firstly obtain the Lipschitz continuity of the solution u = u(α, β) with respect to coefficients α and β, and then prove Theorem ..
Notation
In this paper, we use the following notation. C >  denotes various positive constants. Because we only consider R  , we often use the abbreviations L r = L r (R  ),
) and  ≤ r ≤ . For simplicity, we always denote
Preliminaries
Firstly, we investigate the local well-posedness for (.). When α and β are two constants, the local well-posedness of (.) has been studied in [] . In our case, when the terms α u |x| and βW * |u|  u have to be estimated in some norms, due to α,
we only need to take L ∞ norms of α and β. Therefore, by a similar method as that in [], we can prove the local well-posedness of (.).
Lemma . Assume that W
Next, we consider the global existence for (.).
Proof We first deduce from Hölder's and Young's inequalities that
where
Thus, by (.), (.) and (.), we derive
This and (.) yield
On the other hand, we have the following Gagliardo-Nirenberg's inequalities:
Taking ε such that  + ε < , and  σ < , we infer from (.) and Young's inequality with ε that
for every  < T < ∞. This implies that the solution u of (.) is global.
Finally, we recall a Gronwall-type estimate which is vital to obtain the Lipschitz continuity of solution u(α, β) with respect to coefficients α and β.
The proof of main results
In this section, we first prove that the solution of (.) depends local Lipschitz continuously on the coefficients α and β, and then show our main results. (ii) For every admissible pair (γ , ρ)
Lemma . Assume that W
Proof Firstly, we assume that the solutionũ exists on [, T] . Note that the following Duhamel's formulation:
where U(t) := e it denotes the free Schrödinger propagator, which is isometric on H s for every s ≥ ; see [] . This yields
In the following, we set ρ  = p p- , taking γ  such that (γ  , ρ  ) is an admissible pair. Applying Strichartz's estimate to (.), we deduce from Hölder's inequality that for
which, together with Lemma ., implies that for every admissible pair (γ , ρ)
In addition, by a similar argument to that of (.), the embedding W
Hence, it follows from Lemma . and (.) that for every admissible pair (γ , ρ)
Therefore, in order to prove this lemma, we only need to show that there exist ε >  and M >  such that ifα andβ satisfy α -α H  (,T) < ε and β -β H  (,T) < ε, then the corresponding solutionũ exists on [, T] and ũ L ∞ ((,T),H  ) ≤ M.
To this aim, we set
With the notation of Lemma .
given by (.). We infer from Lemma . thatũ exists on [, δ] and that
On the other hand, by (.), we have
Taking ε such that Cε < M/, it follows that ũ(δ) 
Proof of Theorem
. Given T ∈ (, T * ). Let A = α L ∞ (,T) , B = β L ∞ (
Conclusions
In this paper, we consider the stability for the nonlinear Schrödinger equation (.) of Hartree type under the perturbation of coefficients. We first obtain the Lipschitz continuity of the solution u = u(α, β) with respect to coefficients α and β by using Strichartz's estimates, and then prove that this equation is stable under the perturbation of coefficients by a bootstrap argument. Our results improve some recent results. In particular, the proof of the locally Lipschitz continuity contains a very general method that may be useful for other related problems.
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